We study slope stability of smooth surfaces and its connection with exceptional divisors. We show that a surface containing an exceptional divisor with arithmetic genus at least two is slope unstable for some polarisation. In the converse direction we show that slope stability of surfaces can be tested with divisors, and prove that for surfaces with non-negative Kodaira dimension any destabilising divisor must have negative self-intersection and arithmetic genus at least two. We also prove that a destabilising divisor can never be nef, and as an application give an example of a surface that is slope stable but not K-stable.
Introduction
There are many notions of stability for a projective variety. A classical one is Chow stability that requires the Chow point of the variety be stable in the sense of Geometric Invariant Theory. Another notion is K-stability which is closely connected to the existence of extremal Kähler metrics. For higher dimensional varieties the problem of giving an intrinsic characterisation of either of these stability notions remains largely open.
Related to K-stability is another notion called slope stability introduced by Thomas and the second author [RT06; RT07] . This involves a definition of slope µ(X) for a pair (X, L) consisting of a variety X and ample line bundle L, and a slope µ(O Z ) for each subscheme Z ⊂ X (precise definitions appear below). We say (X, L) is slope semistable if µ(X) ≤ µ(O Z ) for every Z, and if this fails we say Z destabilises X. These definitions are made so that K-stability implies slope stability, and thus gives a concrete and geometric obstruction to K-stability. In turn, through the work of several authors, it also gives an obstruction to the existence of constant scalar curvature Kähler metrics (the result we are referring to was first proved by Donaldson [Don01] , but work of Tian [Tia97] , Mabuchi [Mab05] and Chen-Tian [CT] contain similar results in this direction; the simplest proof can be found in [Don05] ).
A natural question arises as to which varieties are slope stable, and if there are any restrictions on the geometry of destabilising subschemes. In this paper we explore a connection between slope stability of smooth surfaces and the existence of exceptional divisors of high genus (recall that an effective divisor D = d i D i in a surface is said to be exceptional if its intersection matrix (D i .D j ) is negative definite).
Theorem 1.1. Let X be a smooth projective surface containing an exceptional divisor that has arithmetic genus at least two. Then (X, L) is slope unstable for some polarisation L.
This theorem is a natural generalisation of examples of unstable surfaces due to the second author [Ros06] , and due to Shu [Shu] . In fact the polarisations used in this Theorem make the volume of the exceptional divisor very small, and one should interpret this as saying that the space obtained by contracting this divisor is unstable due to the existence of a singularity that is not rational or elliptic (see Remark 3.5).
As a first step in the converse direction we show that for smooth surfaces slope stability can be tested with divisors. Theorem 1.2. If a smooth polarised surface (X, L) is slope unstable then it is destabilised by a divisor.
Given this, the interest lies in the geometry of destabilising divisors. When X has non-negative Kodaira dimension it is easy to prove that any destabilising divisor has arithmetic genus at least two (Proposition 3.8). The bulk of this paper is devoted to proving the next theorem that contains two more results in this direction. Theorem 1.3. Let D be an effective divisor in a smooth surface X and either 1. Suppose X has non-negative Kodaira dimension and D 2 ≥ 0, or 2. Suppose D is nef (i.e. D.C ≥ 0 for every irreducible curve C in X).
Then D does not destabilise X with respect to any polarisation.
Although there is clearly some overlap between the two statements of this theorem the proofs we offer are different (interestingly, positivity of the "adjoint divisor" K X + nD plays a central role in both). As an application we show that slope stability is not equivalent to K-stability (in fact P 2 blown up at two points witnesses this difference; see Example 7.8).
Any exceptional divisor that is sufficiently close to a destabilising divisor will also be destabilising. Thus it is unreasonable to expect that a destabilising divisor is necessarily exceptional (see (3.10) for a specific example). However motivated by the examples we have studied we ask the following question: Question 1.4. Suppose that D is a divisor that destabilises a polarised surface (X, L). Is it necessarily true that there is an exceptional divisor D ⊂ D that also destabilises (X, L)?
The paper is organised as follows. We start with a brief introduction to slope stability in Section 2, and prove Theorem 1.1 in Section 3. The reduction of slope stability of surfaces to divisors is made in Section 4. The proof of the statement in Theorem 1.3 concerning surfaces of non-negative Kodaira dimension is started in Section 5 where it is proved for minimal surfaces and completed in Section 6. We then give a self-contained proof of the statement about nef divisors in Section 7.
Terminology
We work throughout over the complex numbers. We shall write D ≡ E to mean that D and E are numerically equivalent divisors but, when it cannot cause confusion, we will denote a divisor and the numerical class it represents by the same letter and simply write D = E. The canonical class of X will be denoted by K X , and the Néron-Severi space N 1 (X) of a smooth variety X is the space of divisors in X modulo numerical equivalence.
Inside N 1 (X) ⊗ Q lies the ample cone consisting of numerical classes of ample Q-divisors, and the effective cone consisting of the numerical classes of effective Q-divisors. By the Kleiman criterion, the closure of the ample cone is the nef cone and consists of classes that have non-negative intersection with every irreducible curve in X. Thus the nef cone is dual to the closure of the effective cone which is called the pseudoeffective cone. By a polarised variety (X, L) we mean a variety X and choice of ample Q-divisor L, and refer to L as the polarisation.
When X is a surface we denote the intersection of two divisors D and E in N 1 (X) by D.E. The arithmetic genus of an effective divisor D is defined to be p a (D) = 1 − χ(O D ) and by the adjunction formula is given by
If D is an irreducible rational curve with self-intersection −n we say D is a −n curve.
Slope stability
This section contains a brief summary of slope stability and the reader is referred to [RT06; RT07] for more details.
Let X be a smooth variety of dimension n and L an ample divisor on X with Hilbert polynomial
The slope of (X, L) is defined to be the ratio
Now suppose Z ⊂ X is a proper closed subscheme and π : Bl Z → X is the blowup along Z with exceptional divisor E. For sufficiently small c ∈ Q + the divisor π * L − cE is ample, and the Seshadri constant of Z is
Using this we define the slope of Z. For fixed x ∈ Q define a i (x) by
From standard theory a i (x) is a polynomial in x which we extend by continuity to x ∈ R. Setã i (x) = a i − a i (x). The slope of Z with respect to a given real number c is defined to be
then this quantity is finite; in factã 0 (0) = 0 andã 0 (x) is increasing in the range 0 < x < ε(Z) so the denominator is strictly positive [RT06, Rmk. 3.10]. When the polarisation is clear from context we suppress the L in the notation and write µ c (O Z ), µ(X) and ε(Z).
Definition 2.1. We say a polarised variety (X, L) is slope semistable with respect to Z if
We say (X, L) is slope semistable if it is slope semistable with respect to all subschemes; when this fails we say Z destabilises (X, L).
It is easy to check that slope stability is invariant if L is replaced by some power, and thus makes sense when L is an ample Q-divisor. In many cases it is possible to calculate the slope of X and Z using the Grothendieck-RiemannRoch formula, and for the purpose of this paper we will mostly be concerned with the case that Z is an effective divisor in a smooth surface X in which case
where K X denotes the canonical class of X [RT06, Thm. 5.3]. Note that stability of (X, L) with respect to an effective divisor Z depends only on the numerical equivalence class of L and Z. We stress however that a destabilising divisor is necessarily integral.
Exceptional Divisors
In this section we discuss how the existence of exceptional divisors of high genus in a surface witnesses instability. Theorem 3.2. Suppose that X is a smooth projective surface containing an exceptional divisor D that has arithmetic genus at least two and such that
where D i are the irreducible components, and fix an ample divisor H. Since the matrix (D i .D j ) is negative definite, there exist rational numbers q i such that
If we write q i D i = E − F where E and F are effective with no common components then clearly E.F − F 2 ≥ 0 as F 2 ≤ 0, whereas E.F − F 2 ≤ 0 by definition of the q i . Thus F = 0 so q i D i is effective and, since its intersection with each D j is strictly negative, we deduce that each q i is strictly positive. Let
We note that L 0 − cD need not be ample due to the possible existence of
which is ample for positive s. We will show that D destabilises (X, L s ) for sufficiently small s. To this end note first that L s − cD is ample for 0 < c ≤ ε,
Hence µ c (O D , L 0 ) tends to minus infinity as c tends to 0. Thus there is a 0 < c < ε such that
Corollary 3.4. Suppose X is a smooth projective surface containing an exceptional divisor D that has arithmetic genus at least two. Then (X, L) is slope unstable for some polarisation L. In particular this holds if X contains an irreducible divisor with arithmetic genus at least two and negative self-intersection. [Rei97] for an introduction to this circle of ideas). Example 3.6. There is a wealth of examples of surfaces that contain exceptional curves of negative self-intersection and arithmetic genus at least two. These include:
1. If C is a smooth curve of genus at least 2 then the diagonal in C × C has negative self-intersection; moreover for certain non-general curves C there is another irreducible curve of negative self-intersection in C × C that has arithmetic genus at least two. The instability of these examples are those of [Shu] and [Ros06] respectively.
2. By blowing up sufficiently many points on an irreducible curve of genus at least 2 in a smooth surface one obtains a surface X with an irreducible curve of negative self intersection and genus at least 2. Moreover by taking a branched cover of X one obtains in this way examples that are of general type.
The reader will no doubt be able to provide many more examples.
Example 3.7. The assumption in Theorem 3.2 that the arithmetic genus be at least 2 is necessary. For example, a K3 surface is slope semistable with respect to every polarisation, since it has trivial canonical class [RT07, Thm. 8.4], and this is true irrespective of the existence of any −2 curves. The next result says that this is typical.
Since the denominator is positive for 0
Example 3.9. A surface with negative Kodaira dimension can be destabilised by a divisor with arithmetic genus less than 2. For instance P 2 blown up at a single point is destabilised by the exceptional divisor for all polarisations [RT06, Ex. 5.27]
We now give an example of a destabilising divisor that is not exceptional. However, in this as well as other examples we have studied, it is the case that if D destabilises then there is an exceptional D ⊂ D that also destabilises. It would be interesting to know if this is a general phenomena.
Example 3.10. Let C g be a smooth curve of genus g ≥ 2 and C h be a smooth curve of genus h = (g − 1)d + 1 that admits an unramified covering p :
, and let E be the graph of p. Furthermore let F g be a fibre that has genus g and similarly for F h . The canonical class of X is K X = (2g − 2)(F h + dF g ) and since E has genus h a simple calculation with the adjunction formula implies
Clearly D is effective, L is nef and
.
as long as L is a polarisation sufficiently close to L. On the other hand it is clear that D is not exceptional as F 2 g = 0. A similar calculation shows that E also destabilises when d is large.
Reduction to Divisors
In this section fix a smooth polarised surface (X, L). Our aim is the following theorem.
Theorem 4.1. If (X, L) is slope unstable then it is destabilised by a divisor.
To prove this we deform an arbitrary destabilising subscheme Z into a subscheme Z which is a disjoint union of a divisor and a zero-dimensional piece. By semicontinuity we conclude that Z also destabilises, and thus some connected component of Z destabilises. The proof is completed by showing that zero-dimensional subscheme can never destabilise a smooth surface.
Proposition 4.2. [RT07] Suppose that Z destabilises a polarised variety (X, L).
Then there is a connected component of Z that also destabilises. Moreover if a thickening jZ destabilises for some j ≥ 1 then so does Z.
Proof. This is taken from [RT07, Prop. 4.25]. Suppose Z = Z 1 ∪ Z 2 where Z 1 ∩ Z 2 is empty. It is easy to check that ε(Z) ≤ ε(Z i ) for i = 1, 2 (this can be done using the Kleiman criterion on the blowup of Z). Moreover since Z 1 ∩ Z 2 is empty we can write µ c (O Zi ) = α i /β i where β i > 0 and µ c (O Z1∪Z2 ) = (α 1 + α 2 )/(β 1 + β 2 ). Thus if Z destabilises then either Z 1 or Z 2 must destabilise. The second statement follows from elementary properties of the slope formula, and the observation that (jZ) = j −1 (Z).
Proposition 4.3. Suppose that (X, L) is slope unstable. Then either it is destabilised by a divisor or by a zero-dimensional subscheme.
Proof. Let Z be a destabilising subscheme of X. If Z is zero dimensional then we are done. Otherwise let D be the largest divisor contained in Z so we can write I Z = I D · I Y0 where Y 0 is a zero-dimensional subscheme. Explicitly, if Z is defined locally by an ideal I and D is defined by a function f then Y 0 is defined locally by the ideal (I : f ) = {g : gf ∈ I}.
Clearly it is possible to move Y 0 away from its support in such a way that the thickenings of the family are all flat. That is, there exists a small disc 0 ∈ ∆ ⊂ C and a subscheme Y ⊂ X × ∆ such the fibre of Y over 0 is Y 0 , and such that the thickenings jY are all flat over ∆. Moreover by choosing Y generically and shrinking ∆ if necessary we can assume that Y t is disjoint from D for all t = 0. (This is easiest seen in the analytic topology where one can take general local analytic coordinates x, y around each point of the support of Y 0 and move the component of Y 0 supported at this point along a coordinate axis by (x, y) → (x + t, y) for t ∈ ∆). Now consider the subscheme W given by I W = I D×∆ · I Y and let X → X × ∆ be the blowup along W with exceptional divisor E. Since X is isomorphic to the blowup along Y we have that X is flat over ∆. The central fibre of X is isomorphic to the blowup of X along Z, and E restricts to the exceptional divisor of this blowup. Similarly the fibre of X over t = 0 is isomorphic to the blowup of X along Y t ∪ D (and again the E restricts to the exceptional divisor).
for all c by flatness of X . Moreover by semicontinuity of Seshadri constants (since ampleness is an open condition), (Z) ≤ (Z ). Thus if Z destabilises X then so does Z . Hence from Proposition 4.2 some connected component of Z also destabilises and this component is either a divisor or zero-dimensional.
We now turn to stability with respect to zero-dimensional subschemes.
Proof. Let π :X → X be the blowup along Z with exceptional divisor E and p :X →X be a resolution of singularities. We set q = π • p :X → X and F = p * E. Note that if 0 < x < (Z) then π * L − xE is nef, and thus so is q * L − xF . Now applying the Grothendieck-Riemann-Roch formula toX and using [RT07, Sec. 8.1] we have
(to compare this with [RT07, 4.20, 8.2, 8 .3] use a i (x) = a i −ã i (x)). We have KX − q * K X ≥ 0 soã 1 (x) ≥ 0 whenever q * L − xF is nef, and thusã 1 (x) ≥ 0 for 0 < x < c. Integration now yields the desired inequality.
Remark 4.6.
1. With a little more work it can be shown that the inequality (4.5) is always strict. In particular this is the case when Z = {p} is a single point in which case µ c (O Z ) = 3/c. On the other hand the slope µ c (O mZ ) of a m-thickened point gets arbitrarily close to 3/(2c) as m tends to infinity.
2. At this point it is easy to prove Theorem 4.1 when K X .L ≥ 0 (which occurs, for instance, whenever X has non-negative Kodaira dimension), since then µ(X) ≤ 0 whereas the slope of any zero-dimensional subscheme is strictly positive.
The next two Lemmas give bounds on the Seshadri constant of zero-dimensional subschemes.
Lemma 4.7. Let Z 1 ⊂ Z 2 be subschemes of X supported at a point. Then
Proof. This lemma is presumably well known to experts, but for convenience we include a proof here. Recall that a sheaf I is said to be m-regular (with respect to L) if
and that the Mumford-Castelnuovo regularity is defined to be reg(I ) = min{m : I is m-regular}.
The relation with Seshadri constants is given by a theorem of Cutkosky-EinLazarsfeld [CEL01, Thm. B] which says that if a subscheme Z is defined by the ideal sheaf
We claim that if 0 → I 2 → I 1 → Q → 0 is an exact sequence of sheaves with Q supported at a point then reg(I 2 ) ≥ reg(I 1 ). But this is clear as
for all m and all i > 0, so there is a surjection
Thus if I 2 is m-regular then so is I 1 , and hence reg(I 2 ) ≥ reg(I 1 ). Applying this to the inclusion I ) for all j ≥ 1, so the lemma follows from (4.8).
Remark 4.9. It is important in the above lemma that Z 1 and Z 2 be supported at a point. For example let X be the blowup of P 2 at a point with exceptional divisor E. Denote the hyperplane class by H and let L = 3H − E which is ample. Suppose Z 1 is the proper transform of a line through the point blown up, and Z 2 is the union of Z 1 with the exceptional divisor. Then numerically Z 1 ≡ H − E and Z 2 ≡ H and one can check (Z 1 , L) = 1 whereas (Z 2 , L) = 2.
The next result comes from [RT07] where it was used to show that reduced points do not destabilise.
Lemma 4.10. Let Z be a reduced point Z = {p}. Then We now complete the proof of the main theorem.
Proof of Theorem 4.1. We claim that no zero-dimensional subscheme Z ⊂ X destabilises. By (4.2) we may assume without loss of generality that Z is connected and thus supported at a point p. For m ≥ 1 we write (mp) for the Seshadri constant of the m-thickening of the point p (i.e. the subscheme given by I m {p} ). Suppose first that mp ⊂ Z for some m ≥ 2. Then by (4.7),
If c ≤ (Z) then 2c ≤ (p) so by (4.10),
Hence from (4.4),
and so Z does not destabilise. Thus we may suppose that Z does not contain mp for any m ≥ 2. To calculate the slope of such a Z note first that µ c (O Z ) depends only on the local geometry of X around p (in the analytic topology), so we may work in the ring R = C[[x, y]] and suppose that Z is defined by an ideal I ⊂ R. Since I is not contained in (x, y) 2 there is a change of coordinates such that I is of the form
Replacing j by xk (where xk ∈ N) and using the definition ofã i (x) from Section 2 this impliesã
Now as Z is supported at p, we have (Z) ≤ (p) (4.7). Thus from (4.10), if 0 < c ≤ (Z) then
Hence no zero-dimensional subscheme can destabilise, and Theorem 4.1 follows from Proposition 4.3.
Destabilising divisors on minimal surfaces
We now turn to the task of showing that any divisor that destabilises a surface with non-negative Kodaira dimension has negative self-intersection. In this section we prove a theorem that deals with the case of minimal surfaces.
Theorem 5.1. Let (X, L) be a smooth polarised surface with non-negative Kodaira dimension. Suppose D is a divisor in X with D 2 ≥ 0 and that either
Corollary 5.2. Let (X, L) be a polarised surface with non-negative Kodaira dimension such that K 2 X ≥ 0 (in particular this holds for minimal surfaces). Then any divisor that destabilises (X, L) must have negative self-intersection.
The proof consists of an elementary analysis of the slope of a divisor with non-negative self-intersection. Let K = zL + wτ be the projection of K X to the plane Λ. Then K X .L = K .L = zL 2 , so z ≥ 0, and
so D does not pseudo-destabilise. Next note that if K X .D ≤ 0 then w ≥ 0 so we are done by the above. Thus we are left to deal with the case that w < 0 and
Thus D does not pseudo-destabilise (X, L) as claimed.
Example 5.7. Let g 1 , g 2 ≥ 2 and suppose C 1 and C 2 are very general curves of genus g 1 and g 2 respectively (by this we mean (C 1 , C 2 ) is a very general point in the product M g1 ×M g2 of moduli spaces) and set X = C 1 ×C 2 . Then clearly K X is ample, and it is well known that N 1 (X) has rank 2. Thus X has no curves of negative self-intersection so is slope stable with respect to all polarisations. We remark that this result is expected from considerations of stability of products. If (X, L) and (X , L ) are K-stable, then one expects that (X × X , L ⊗ L ) is also stable (this is motivated by the conjectured equivalence between K-stability and the existence of constant scalar curvature Kähler metrics).
Example 5.8. Let X be a surface with ample canonical class, and L be a polarisation such that
We claim that (X, L) is slope-stable. Since K X is ample we only have to check slope stability with respect to divisors D with negative self-intersection. But this is clear, 
Destabilising divisors on surfaces with non-negative Kodaira dimension
This section is devoted to proving the following:
Theorem 6.1. Let (X, L) be a smooth polarised surface with non-negative Kodaira dimension. Then any divisor that destabilises (X, L) has negative self-intersection.
The proof proceeds by discarding certain components of D in such a way that, after a possible blowdown of X, the divisor K X + D is nef at which point the results from the previous section are applied.
Proposition 6.2. Let (X, L) be a polarised surface of non-negative Kodaira dimension and suppose that a divisor D pseudo-destabilises (X, L). Then there exists a (possibly trivial) blowdown π : X → X , an effective divisor D and polarisation L of X such that D pseudo-destabilises (X , L ) and
where E L is supported on the exceptional divisor of the blowdown and
Granted this, it is easy to prove the main theorem of this section.
Proof of Theorem 6.1. Suppose for contradiction that D is a divisor with D 2 ≥ 0 that destabilises. Applying the proposition we obtain a divisor D that pseudo-destabilises a surface X with D 2 ≥ 0 and K X + D nef. But X also has non-negative Kodaira dimension so 0 ≤ (K X + D ).K X . Thus either K X D ≤ 0 or 4K X .D + K 2 X ≥ 0 which is impossible by Theorem 5.5. Thus it remains to prove the Proposition which we start now by simplifying destabilising divisors.
Lemma 6.3. Let (X, L) be a smooth polarised surface with non-negative Kodaira dimension. Suppose that D is an effective divisor that is numerically equivalent to D + F where D and F are non-trivial effective divisors with F 2 < 0 and 
Although this formulation is simpler, it is slightly weaker and is not the form in which Lemma 6.3 will be used. In fact we will be interested in the case that D = D + F where F is an −n curve (i.e. F P 1 with F 2 = −n), in which case condition (6.4) becomes
Proof of Lemma 6.3. Notice that 2D .
and by hypothesis
Recall now that if α, β, µ ∈ R and γ, δ ∈ R + with (α + β)/(γ + δ) < µ and β/δ > µ then α/γ < µ. Thus
For the second statement it is sufficient to prove that
Proof of Proposition 6.2. We claim that, without loss of generality, we may suppose that if F is an irreducible curve with F 2 < 0 then D.F ≥ 0 if F is a −1 curve, and
To see this suppose D pseudo-destabilises and (6.5) does not hold for some irreducible F with F 2 < 0. If F is not a −1 curve then D.F < −K X .F ≤ 0, and if F is a −1 curve then D.F < 0 by hypothesis, so either way F must be a component of D. Suppose first p a (F ) ≥ 1. Then (K X + D).F < 0 and
Thus from Lemma 6.3 we deduce that
, and if F is a −1 curve then D.F ≤ −1, so once again the Lemma implies D = D − F pseudo-destabilises. One can easily check that in each of these cases D 2 ≥ D 2 , and thus by making D smaller if necessary we can assume (6.5).
Suppose now that F is a −1 curve with D.
Thus by repeating this process we obtain a divisor D that pseudo-destabilises a polarised surface (X , L ) such that (K X + D ).F ≥ 0 for all irreducible curves F with negative self-intersection. But if F is irreducible with non-negative self-intersection then it is nef, so (K X + D ).F ≥ 0 since K X and D are effective. Thus K X + D is nef as claimed.
Stability with respect to nef divisors
The purpose of this section is to prove that nef divisors do not destabilise. Of course when X has non-negative Kodaira dimension this has already been proved in the previous section. However the proof we give here is different, and applies as well to surfaces of negative Kodaira dimension.
Theorem 7.1. Let X be a smooth polarised surface and D be a nef divisor. Then D does not destabilise X with respect to any polarisation.
The rough idea for the proof is that, apart from two special cases, there exists a blowdown π : X → X such that D is the pullback of a divisor D and K X + 2D is nef. (The two special can only arise when X is a ruled surface, or a blowup of P 2 .) We then prove slope stability of X by comparison with X .
Proposition 7.2. Let X be a smooth surface and D be a nef divisor. There exists a (possibly trivial) blowdown π : X → X to a smooth surface X and a divisor D ⊂ X such that D = π * D and one of the following conditions hold:
1. The divisor K X + 2D is nef.
2. X = P 2 and D is a line.
3. The surface X is a P 1 -bundle over a curve and D is a union of its fibres.
Moreover in the first two cases the divisor K X + 3D is pseudoeffective (i.e. it lies in the closure of the effective cone).
Proof. We will show that under the assumption that D intersects positively all −1 rational curves in X the pair (X, D) is already of these three types. The proposition clearly follows from this because we can subsequently blowdown all −1 curves in X that have zero intersection with D. So suppose that D.C ≥ 1 for all −1 curves C and that K X + 2D is not nef, so there exists an irreducible curve C with (K X + 2D).C < 0, which implies K X .C < 0. By the Mori Cone theorem [Mor82] C = i R i , where each R i is an extremal ray of X. Since (K X + 2D).C < 0 at least one of the rays R i is not a −1 curve. This is possible only if X is a P 1 -bundle over a curve, or X is P 2 . If X is a P 1 -bundle over a curve then D must be a union of its fibres otherwise K X + 2D is nef. Indeed all P 1 -bundles over curves apart from P 1 × P 1 and P 2 blown up at one point have just one extremal ray R namely the fibre of the surface. If D is not a fibre then D.R > 0 and so (K X + 2D).R = −2 + 2D.R ≥ 0. The cases of P 1 × P 1 and P 2 blown up at one point are similar. If X is P 2 then clearly D is a line, otherwise K X + 2D is nef.
For the last statement notice that in the first two cases the divisor K X +3D is nef, and hence so is π * (K X + 3D ). Since K X − π * K X is effective, this implies K X + 3D is pseudoeffective.
Remark 7.3. Of course Cases 2 and 3 can only occur when X has negative Kodaira dimension, but we stress that the converse is not true. Also it is clear that if X has non-negative Kodaira dimension then the proof actually produces a pair (X , D ) such that K X + D is nef.
Proof of Theorem 7.1. Fix a polarisation L on X and a nef divisor D. The aim is to show that D does not destabilise, which entails showing that if c is chosen so A = L − cD is ample then
Rearranging, the goal becomes to prove that the polynomial
is positive. Since A is ample, the constant term is clearly positive, so is sufficient to prove that all the other coefficients of P (c) are non-negative. At this point it is convenient to define
Let π : X → X be the blowdown coming from Proposition 7.2, so D = π * D for some divisor D . Notice that in the first two cases of (7.2), K X + 3D is pseudoeffective, and since D and A are nef this implies the highest two coefficients of P (c) are non-negative. In the third case, D 2 = 0 and so these coefficients vanish. Thus is sufficient to prove that Q(A, D) ≥ 0 which we do for each case separately.
where E L is supported on the exceptional divisor and A is an ample divisor on X . Then
Obviously E 2 L ≤ 0 and since
, so the proof of this case is completed by the following lemma.
Lemma 7.5. Let X be a smooth surface. Suppose that D is a pseudo-effective divisor with D 2 ≥ 0 such that K X +2D is pseudoeffective and (K X +2D ) 2 ≥ 0. Then Q(A , D ) ≥ 0 for every ample divisor A .
Proof. We will prove the result for any effective D ∈ N 1 (X) ⊗ R. As above we clearly can assume K X .D − D 2 > 0. Suppose first that the numerical class of D is proportional to K X + 2D . Then (K X + 2D ) = αD for some α ≥ 0 and
which is non-negative by the Hodge-index theorem.
Hence we can assume K X + 2D and D span a 2-plane Λ ⊂ N 1 (X) ⊗ R. Since both divisors are effective and have non-negative square, the restriction of the intersection form to Λ has signature (1, −1) and moreover the vectors D and K X + 2D are in the same non-negative octant. Now notice that ifÃ is the projection of A onto Λ thenÃ 2 ≥ A 2 so Q(Ã, D) ≤ Q(A , D). Thus we may assume without loss of generality that A lies in Λ. Moreover by homogeneity of Q(A , D) with respect to A we can assume A 2 = 1. Thus by picking a suitable basis for Λ we can write D = (x, −cx) and K X + 2D = (z, cz) with x, z ≥ 0, 0 ≤ c ≤ 1 and A = ( 1 + y 2 , y). Hence
as required.
To deal with the remaining two cases we need an additional lemma. 
Proof. We argue by induction on the number of irreducible components of E. If E is irreducible it must be a −1 curve, in which case it is clear that equality holds. Suppose now that E has more than one irreducible component, so at least one component E 0 is a −1 curve. Let q : X → Z be the contraction of E 0 , and p Z : Z → Y be the remaining blowdown, so p = p Z • q. We have
To see this let x = q(E 0 ). If x is not contained in the proper transform of D Y we have F = q * (F Z ), and otherwise q * (F Z ) is strictly contained in F which proves the first inequality. For the second inequality let G be any irreducible component of F Z that contains x, andG be its proper transform in X. Since A and A Z are ample andG.E 0 ≥ 1,
Now we finish the proof of the lemma. Writing
We now conclude the proof of Theorem 7.1. 
by Lemma 7.6
For the inductive step let E 1 and E 2 be two connected components of E and suppose x 1 = π(E 1 ) and x 2 = π(E 2 ) are their images in P 2 . Let D be the line through x 1 and x 2 , andD be its proper transform in X. Then π * D −D is a collection of exceptional divisors, and two of them F 1 and F 2 are supported on E 1 and E 2 respectively. Without loss of generality we can assume that A.F 1 ≤ A. Thus by induction on the number of connected components of E we can suppose that X is P 1 -bundle over a curve and D is a fibre, in which case a simple calculation yields Q(A, D) ≥ 0. This finishes the proof of Case 3, and completes the proof of Theorem 7.1.
Example 7.8. Let π : X → P 2 be the blowup of P 2 at two points. We shall show that if L = −K X is the anticanonical polarisation then (X, L) is slope stable but not K-stable. In fact the latter statement is well known, and follows from the existence of a C * -action which has non-trivial Futaki invariant (see for example [Tia00, Ex. 3.11]).
To prove slope stability it is sufficient by Theorem 4.1 to show X is not destabilised by any divisor. One way to do this is to start by checking directly that X is not destabilised by any −1 curve (and thus by (4.2) the same is true for any thickened −1 curve). Assume, for contradiction, that a divisor D destabilises, so by Theorem 7.1 we know D is not nef. Thus there is a −1 curve E in X with D.E < 0. Let p : X → Y be the blowdown along E (so either Y is P 1 × P 1 or Y is the blowup of P 2 at a single point). On the other hand a direct calculation shows that the only destabilising divisor of P 2 blown up at a single point is the exceptional divisor. Thus D must be supported on the exceptional set of π : X → P 2 . But from (4.2), if such a D destabilises then so does one component of this exceptional set, which is not the case. Thus X is slope stable as claimed.
Remark 7.9. Székelyhidi has previously observed that, using the description of the slope of a toric subscheme from [RT06, 4.3] , one can show that no toric subscheme destabilises P 2 blown up at two points. Since any effective divisor is numerically equivalent to a toric divisor, this also proves slope stability with respect to divisors. 
